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NOMENCLATURE
€ conventional strain
€ equivalent strain
o conventional stress
T equivalent stress
a,V exponent expressing plastic strain-life dependency
b exponent expressing elastic strair.-life dependency
n number of cycles accumulated at a given cyclic strain
range
N number of cycles to fracture at a given cyclic strain
range

n station designation in finite difference solution
Ce,Cp constants

h thickness of station

U poisson's ratio

E modulus of elasticity

p mass density

W angular velocity

j positive integers

Subscripts
E elastic
e elastic range

ii
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NOMENCLATURE (Cont.)
f fracture
m mean
P plastic
r radial
T total
VA transverse
uit ultimate
o circumferential
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ABSTRACT

This paper presents a linear cumulative damage theory, macroscopically

considering elastic and plastic straining, and accounting for biaxiality through
the von Mises theory for combined strains. Experimentation on SAE 4340
steel alloy supported this damage hypothesis and confirmed the associated
exponential relationship hetween elastic strains with cycl.ic life and plastic
strains with cyclic life. A limited evaluation of an aluminum casting
material, C-355-T61, also supported this exponential dependency. Notching

did not significantly alter this low cycle fatigue behavior.

iv
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INTRODUCTION

Fracture investigation of structural members exposed to moderate-to-

heavy loading results in the prominence of one fracture mechanism - fatigue.
In view of the multi-variable dependency of this mechanism, preventive
design has largely relied upon laboratory testing, supplemented by sound
statistical interpretation of the results. This technique is still most often
employed today in the high anticipated number of stress cycles spectra of

the classic stress-number of cycles fatigue curve. There has evolved,
however, a technique for analytically predicting material fatigue behavior

in the low-cycle, high-load portion of the fatigue curve. Manson [1, 2]

was responsible for establishing the relationship between cycle strain and

cycles-to-fracture. This is stated mathematically in the following form.

v
€, N = Constant, (1)

P
where ep represenis plastic strain range, N indicates cycles to fracture,
and Vsignifies exponential dependency. Coffin [3] experimentally deter-
mined this exponent to have a value of 1/2 and applied the boundary con-
dition that € = 2€f at N = 1/4 where € represents strain at fracture or
material ductility to obtain C =€f. Although Coffin's initial work was con-

ducted with copper, Coffin and Tavernelli [4, 5] demonstrated this expon-

ential behavior, applied to an assortment of other metals including steel 1

and aluminum alloys. This work supported the exponent value of 1/2 in

the majority of cases. Gross [6] stated that cyclic total strain, rather
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than cyclic plastic strain, is the significant value that yields the same
relationship for many different materials when describing low cycle fatigue

behavior. Gross's polymaterial power exponent was approximately 1/3.

The test limitations of the cited works are twofold. First, the work was
restricted to uniaxial loading, and second, the loading mode was completely
reversed. Ives, Kooistra, and Tucker [7] bhave corducted low cycle biaxial
fatigue tests on several pressure vessel steels but have not included effects
of mean strain. There have been several papers [8, 9, 10, 11] written

on uniaxial low cycle fatigue considering the effects of mean strain. These
mclu;led several aluminum alloys and a pressure vessel steel. A requisite
to properly evaluating the effect of mean strain is the establishment of a
cumulative damage theory. Ohji, Miller, and Marin [11] explicitly pro-
posed and experimentally supported a linear damage theory based on strain

that is equivalent to Miner's classical theory [12] . Additional uniaxial

cumulative damage investigations conducted in the low cycle fatigue regime

are contained in references [18, 14, 15, 16]. Miner's theory applied to
these studies resulted in fairly satisfactory results. All of the experimental
activity conducted with regard to evaluating cumulative damage, however,
wasr of a completely reversed straining nature, and, thus, excluded the

contribution of mean strain.
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This present study's purpose was to evaluate lew cycle fatigue behavior
under a biaxial strain distribution with particular emphasis on mean strain
and cumulative damage considerations. Additionally, it was considered
highly desirable to select a loading mode that simulated loading of structural
members more closely than previous specimen testing. Tae completely
reversed strain cycling cited earlier requires reversal of the load vector.
Loading of this nature is generally associated with vibratory modes, which
implies high frequency of application or high cycle fatigue. The loading
mode utilized in this study is representative of pressure loading and centri-
fugal loading and is particularly applicable to pressure vessels and rotating

members.

THEORETICAL CONSIDERATIONS

Equation (1) can be rewritten as: d
epN = Cp;a=1/v (2)

Although the majority of work has been conducted with emphasis on the
plastic strain to life relationship, Manson [17] has shown that this same

exponential relationship governs the elastic strain to life dependency, i.e.,

€ PN = C, (8)
where €e denotes elastic strain range and b the elastic exponent. Smith,
Hirshberg, and Manson (18] proposed the following boundary condition

based on 11 different alloys, including steel, aluminum, titanium, and
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nickel, to obtain the constant Ce.
- / =109
b §
which results in Ce= (0.90 ;. /E) 10 (5)

A linear damage theory is proposed to include the elastic case by considering
total damage per cycle as being composed of damage attributed to cyclic
plastic strain and damage attributed to cyclic elastic strain. Damage per
cycle is represented as eap and Eeb for the plastic and elastic cases,

respectively. Total damage is expressed mathematically as
a b
D(N1,N2) = €pNp + €_Ng (6)
where N, represents number of plastic cycles, N, number of elastic cycles.

Employing Coffin's interpretation of the strain at fracture €; to represent

ha!f the strain range of a quarter cycle fatigue excursion and equation (5),

a b 5
Cp+Ce = (2€;) /4 +(0.90y), /E) 10 (M
Fracture will be proposed to occur when D (N3, Ng) = Cp + Ce (8)
b a b §
or €, N, + €¢ Ny = (2€;) /4 +(0.90,)4/E) 10 9)

The constant C is many orders of magnitude smaller than Cp and can thus

be neglected. This can best be illustrated by considering the exponent
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values for SAE 4340 steel reported in reference [18] ;a=1.7, b= 10.
Considering an ultimate tensile strength of 150,000 psi and ductility of 20%,
Cp = (2(0.2)17/4 = 0.0525, and Ce =(0.9 (150000)/ 30(103)“’ 10° =
0.34 x 10"18, For similar reasons, if Nlis within several orders of mag-

nitude comparable to N9, and €, is comparable to € e the contribution of

P
damage by elastic straining is negligible. This is generally the case when

strain cycling plastically, so that equation (9) reduces to

€ N = (2¢,) /a (10)

There are several techniques proposed to handle the effect of mean strain.
Ohji, et al. [11], as a result of a linear damage theory expressed by the

following equation,

k
z e;'N = (2 €93/4 (11)
i=1

proposes equation (10) take the following form as a result of the mean strain

tal:

epN=(2¢;)"4 - (2€,)"/a (12)

Sachs, et al. [10] suggests the equation for mean strain is
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1/2

GN =ef’€

§ (13)

m

This equation assumes a value of a = 2. Re-arranging equation (13) and
defining the exponent in the general form, a, results in '

€N =2 €2 €,)%/4 (14)

This expression mathematically implies that damage accumulates non-
linearly as expressed by the following equation

k
I Nt (2,czf-2<s,r,,,)/41/al (15)

i=1
Manson {[19] proposes the same expression as Sachs; however, he supports
a linear-cumulative damage theory. Although there is a mathematical con-
flict indicated, physical interpretation of a shift of the stress-strain curve
in a strain direction supports this latier hypothesis. This author subscribes
to this hypothesis. Application to equation (5) (with the additional stipulation
of no plastic strain cycling, which will be shown later as the case for the
particular load mode selected for this stndy) results in the following

expression.

b
ée N

(2 €5-2 €,) ¥/4 (16)

For the case of several cycli~ strain ranger. about the same mean strain
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value, €m, this becomes

k
b a
2=31 €Ny = (2¢5-2¢,) /4 (17)

Pube

Defining Ni as tae cyclic life at a cyclic strain rrege of eei' equation (17)

reduces to Miner' s linear cumulative damage expression
/N, =10 (18)

For the case of several different mean strain values, em(l) €,(2) ... ..
€mj» Njj will be defined as the cyclic life at a cyclic strain range of €g;
imposed on a mean strain value of ‘mj' For this case, fracture will

assume to occur when

k1
Z X niy/Ny=1.0 (19)
=1 j=1

Biaxiality effects are accounted for by the effective plastic straiz quantity,
e”p, first proposed by Dorn and Thompson | 20] based on the von Mises

(or Octahedrial Shear Stress) theory.

1/2(

= 1/2
& = (2) (epl ~€3p )2 4 (ep3 - epl)z) /3 (20)
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Equivalent stress is defined as

1/2  1/2
c'r=((al-02)2 + 022 + 012) /(2) 05 =0 (21)

where €p... €p3, ando,, 0, are principal strains and stresses.

EXPERIMENTAL PHASE

The primary material selected for evaluation was SAE 4340 steel in the Rc
28-32 hardness range. This intermediate hardness was chosen as repre-
senting the asympotic value t» which hardened SAE 4340 steel strain softens,
and annealed SAE 4340 steel strain hardens, as reported in reference [17] .
There was some limited additional work conducted with C355, a high pre-
cision cast aluminum alloy exhibiting a hardness of 80 BHN. The chemical
composition of these alloys is contained in tables 1 and 2. The mechanical
properties determined from 0.250-dia., 1. 25-inch gage length tensile
specimens are contained in tables 3 and 4 for the steel and aluminum

alloys, respectively. Although the hardness range specified for the steel
alloy was maintained, differences in the mechanical properties (and more

critical, stress-strain relationships) warranted classification into three

groups which are designated A, B, and C for this report.

The test vehicle employed in this study was a rotating disk which will be
referred to as a rotor. Figure 1 is a photograph of the rotor, while

figure 2 is a schematic presentation of the rotor. The rotors exhibited a
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6.3-inch OD and tapered hub with a test section thickness of 0.200 inch at

a 2.15-inch radius. Notched rotors were also tested and displayed the same
configuration with the addition of a 0.030 full radius circumferential notch
machined on both sides of the rotor at the test section. The aluminum
rotors were identical to the steel rotors in the disk area but contained 69

dummy blades reflected against 18 for the steel rotors.

The rotors were speed cycled in the spin pit facility shown in figure 3. This
facility is composed of a pneumatically-driven three-inch OD drive turbine,

a six-foot-diameter armour plated containment housing and associated ofl
mist bearing lubrication system, a vacuum pump for evacuating the pit during
testing, and a control consocle to monitor speed cycling. Photographic
equipment for permanent recording of burst modes is also available.

Figure 4 is a photograph of one of the steel rotors taken at the instant of
burst (55,800 rpm). Strain was related to speed analytically, employing the

methodology and analyses developed by Manson [21] .

A summary of the pertinent formulation is reproduced in the appendix to
provide an understanding of the basic approach. The technique incorporates
the experimental determination of stress-to-strain relationships in the
plastic range for the subject materials. This was determined from 12

SAE 4340 specimens and six C355 0.250-dia., 1.25-inch gage length,
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specimens that were removed frorh the hub sections of 18 rotors following
fracture. The method presented in the appendix is based on von Mises'theory,
which is sometimes referred to as the Deformation Theory, and is valid
only if the loading path is such that the ratio of principal strain increments
is constant throughout the straining period. This assumption appears to
be sound, based on measurements taken by Waldren and Ward [22] on
rotating disks at intervals in the loading cycle and the degree of success of
Waldren, Percy and Mell~ : [28] in predicting disk burst speeds utilizing
the theory. Care must be exercised, however, in the event the load is re-
versed, as the original stress-strain path will not be retraced. This is
always the case when evaluating fatigue behavior of materials that have
been exposed to plastic flow. This is considered in greater detail in the

next topic, which presents strain-to-speed response for a rotor.

LOADING MODE STRAIN RESPONSE

Figure § is a schematic presentation of the strain response of the test rotor
to speed cycling. The stress ard strains can be considered equivalent
values. It is recognized that the form of the equivalent stress and strain
relationships preclude the possibility of negative values; nevertheless,
equivalent residual stresses are plotted as compressive, when both radial

and tangential components are negative for physical comprehension purposes.

10
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The plot depicts equivalent, total, plastic and elastic strains, and equivalent
stress. Equivalent stress and equivalent plastic strain are direct conse-

quences of the Deformation Theory and are expressed by
- 2 2
0=(0"+0p — 0,.0’0)1/‘2 (22)

= 2
€p = 2(6rp2 +€gp *+ €rp eop)l/z/(s)l/ 23

Total equivalent strain is defined through analogy by Manson [17] as

)1/2/(3)1/2 (24)

2 2
GT —2(€rT +€0T +€rT€0T
The expression resulting for equivalent elastic strain becomes

€, = 2(1+M) G/SE (25)

As the rotor is brought from zero speed to a maximum value, a strain

excursion along line 0-0'-1 is generated. The respective strain excursion

upon returning to zero speed is depicted as line 1-2. Point 2 represents the

residual stress and stryin incurred during this first speed cycle. The residual

stresses and strains are readily obtained analytically, employing an
elastic solution where initial strains are those values existing at point 1.
The yleld point is noted to have increased to a minimum value equal to

that which occurred at maximum speed from the previous loading. This

e e =




Hamiiton_._ . Y |
Standard Re TP-67-16-T

e —— e ———————————————————— e e,
LLOADING MODE STRAIN RESPONSE (Cont.)

behavi or is the so-called "Bauschinger Effect'" and was supported for

the two materials under investigaticn by examining strain-to-load response

when cycling seversl uniaxial tensile specimens removed from fractured I
test rotors. Upon re~-loading, the strain responee is indicated by line 2-3
for the same maximum speed. The cyclic strain range is shown in the figure
as €, and is equal to 2 (1 +4) A 0/3E where
- 2 2 1/2

45 = (80,7 + (400" - (45,)(406)) 26)
It should be emphasized that this model represents the strain response due
to speed, i.e., speed is the independent or test input variable and strain
the resultant or dependent value. The majority of work done previously has
been strain-monitored in that the test specimen was physically forced to
cycle over a constant strain interval. Thie resulted in a varying load input;
increasing for strain-hardening materials and decreasing for strain-softening L
materials. As most structures are low=cycle fatigue-tested through load
excursions, it was elected to monitor the testing reported here through |
centrifugal load or speed. Speed cycling of rotors is seen to reduce to
elastically cycling a material that has experienced a reduction in ductility.
Equations (16) and (17) proposed to define life under conditions of single and

multiple strain ranges are rewritten as follows to include biaxial effects.

EPN = @& -2E,) Vs 2

12
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k
5 D el ae iy
151 €, n,=(2&-28 )/a (28)

where €, is designated cyolic elastic equivalent strain and defined by
equation (25),and € and €, are designated total equivalent strain values

expressed by equations (23) and (24), respectively.

TEST LOADING MODES

There were three tes£ phases employed in this study that can be classified
according to the associated loading mode. Defining load ratio as R, =
Nmin/Nmax Where Ny i and Ny, o« represent minimum and maximum speeds
of a cyclic speed range, the first phase consisted of running in an R, = O
mode. Physically, this represents stop-start operation of a rotative
structure. The second phase consisied of running in an R, = R mode

where O < R € 1.0. This represents speed excursions about a normal
operating value. The third phase consisted of speed cycling at various
successive R, modes to evaluate cumulative damage effects. Figure 6 is a
schematic plot of strain responsé associated with these loading modes.

SAE 4340 material classified into groups A, B, and C in table 3, respectively,
were evaluated in the three test phases; C355 was tested in the first phase,

R = O, only.

13
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TEST RESULTS

Figure 7 contains true stress-true strain diagrams for the two materials and
represents the average values obtained from a minimum sample size of
three specimens removed from rotors per group. Figures 8 and 9 present
the cyclic-elastic strain distribution and plastic strain distribution, respec-
tively, for the polished rotor. Figures 10 and 11 depict the counterparts

for the notched rotor. The biaxial strain ratios for the cyclic strains at the
test sections of the rotors are 0.42 and 0.32 for the polished and notched
rotors, respectively. It should be noted that the ratios for the plastic or
mean strains are less than 0.1 at the test section. The mean strains can

be considered uniaxial, although biaxial effects were carried along through-

out the analytical phases of this investigation.

Figure 12 shows the relationship hetween equivalent plastic or mean strain
with speed and equivalent cyclic elastic strain with speed. These strain
values are plotted in dimensionless form, referring to the corresponding
values at fracture. The reference for the cyclic strain should be inter-
preted as the cyclic equivalent strain excursion that would have been
realized upon unloading from the speed of fracture if fracture had not

occurred.

14
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The test objectives were to ascertain, accounting for biaxiality through
von Mises' theory of combined stresses and strains under fatigue loading,
if
1. an exponential relationship existed between cyclic life and cyclic
strain employing this combined strain theory,
2. the exponent of strain-life dependency differed for elastic and
plastic straining,

3. mean strain could be accounted for through a linear cumulative

damage theory, considering the elastic and plastic straining,

and if

[N
L]

notching appreciably affected low cycle fatigue behavior as deter-

mined from smooth or polished geometries.

oo mdl

Table 5 contains the results of single cyclic strain range tests for both
polished and notched SAE 4340 material. The results for the C355 material

are tabulated in table 6.

An examination of equation (28) reveals if mean strain 18 maintained constant
a plot of €, cyclic equivalent elastic strain, versus N (cy~lic life) on a
log-log coordinate system results in a straight lice, the geometric slope
having the value 1/b. Conversely, if cyclic strain is constant, a plot of

€ =€ which will be defined as '"available strain" versus N, will also

result in a straight line with a geometric sl<pe of 1/a.
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Phase I testing, R, = O, resulted in essentially constant cyclic strain test-
ing about different mean strain values. Thus, it can be considered to
represent the cited converse case. Phase II testing, R, = R, represents

the former case when mean strain was maintained constant. As the test-

ing evaluated this behavior at several mean strain values, data of constant
cyclic strain nature was also obtained. Figure 13 is a plot of cyclic equiva-
lent strain versus life for polished and notched SAE 4340. The corres-
ponding exponents, "b", are tabulated in table 7. Figure 14 and figure 15

are plots of &; - € versus life for polished and notched SAE 4340 material,

m
respectively. It should be noted that although the testing associated with
the last two tigures is considered constant cyclic strain, cyclic strain
values Ee deviated from an average value up to 10%. Because small

differences in €, bring about large changes in ?eb, an iteration process

based on the experimental vulue of "b"' (previously determined) and equation

w -

(27) was conducted to correct the quantity €; - ‘-m to the average cyclic
strain value. Figure 16 is a plot of € £ Em versus N for polished and

notched aluminum. The values represent uncorrected values, because only

the R =0 loading mode was evaluated for this material. The resulting

values of "*a" are also contained in table 7.

The average value of '"b" obtained for the polished SAY. 4340 of 9.15 agrees

fairly well with the value of 9.61 obtained by Manson [17] for hardened

16
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SAE 4340 material. The corresponding value of "a" determined by Manson's
work was 1.7 reflected against a value of 3.25 determined from this author's
work. The generally accepted value for this quantity based on the results

of Coffin and Tavernelli is 2.0; however, for specific material use it is
recommended that this exponent be determined experimentally. Notching
was scen to result in a somewhat lower value fo »oth "a" and "b". This

is consistent with the classical behavior of notched materials in which

higher fatigue strengths than the polished configuration are realized in the
low cycle fatigue operating regime but with greater strength-to-life gradients.
The effect of notching on the aluminum alloy is seen to be more significant
than on the steel, although, the average of the two configurations is appro-

ximately the same as the corresponging one for steel.

Table 8 contains the results of the cumulative damage phase of the inves-
tigation for both polished and notched rotors. The three loading modes
presented schematically ir figure 6 were employed in this study. In this
third mode, it is noted that the maximum cyclic strain point for the second
strain range lies below the transition from elastic to plastic behavior.
Considering essentizlly the same available strain quantitly, €f- €m, to
apply to both cyclic strain values as indicated in the figure, resuilts in
much greater life than that predicted by a linear damage theory. The

implication is that it is not only the strain range that dictates the amount
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accumulated damage, but also the maximum strain associated with each
cycle. If this 18 less than the previous maximum value, damage rate de-
creases in excess of that indicated by €P. An equivalency that suggested
itself was translating the stress-strain curve along the strain axis for this
second strain range such that the maximum stress or strain point laid upon
it, indicating onset of plastic flow. This would have the effect of increasing
the €, - €. value by the amount of strain associated with the trarslation.
This technique was employed to obtain the N values shown in the table for

this type of loading sequence.

The average X n/N for the polished rotors was 0.99 with a low of 0.52 and
high of 1.55. The average L n/N for the notched rotors was 1.44 with a

low of 0.78 and high of 3.086.

Figure 17 is a presentation of a fractographic investigation conducted ca
several of the test rotors follow!ng fracture. Figures 17a and 17b repre-
sent the C-356 material. Figures 17c and 17d represent the SAE 4340
alloy. As macroscopic evaluation of a fractured surface operating in the
low cycle fatigue regime does not always result in an explicit definition of
fracture mode, fractographic techniques were also employed in the post-

test investigation.

18
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A two-stage platinum -carbon tape replication technique was employed. The
resulting electron fractographs represent a 12, 500-power magnification.
Directing attention toward the aluminum, the edge locations are seen to
exhibit a relatively flat topography and contain classical fatigue striations.
The centers of the fracture surfaces are rather irregular. In fact, they

are non-uniformly irrcgular typical of the varying grain sizes associated
with a casting. The fracmre; mode assoclated with this appearance is

static tencile and shear oileij'ic;’ad, resulting from a less in load=supporting
area. The life relationships expressed mathematically in this study re-
present a damage period that includes crack initiation and propagation

to the extent that load-carrying capacity is exhausted due to the loss in
area. The corresponding figures for steel display the same gross topo-
graphic dissimilarities. The center sections, however, exhibit a more
uniform "dimpled' appearance indicating a grain structure more typical

of forgings. Two sets of markings orthogonal to each other are seen in
figure 17d. The horizontal markings in this figure are fatigue striations

and are nccrmal to the advancing crack direction. The vertical markings

are "river'" markings associated with differences in the crystal levels with
respect to the crack plane. This fractography work confirms the existence
of a fatigue-initiated mode of fracture with the fracture sequence being

fatigue crack initiation, fatigue crack propagation, and tensile overload.

19
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CONCLUSIONS

The following conclusions have been drawn, based on the results of this study

primarily considering the SAE 4340 material.

) B

Biaxial effects can be accounted for by using the von Mises theory

of combined stresses and strains.

. A linear damage theory spplied to both elastic and plastic equivalent

strains appears reasonable, based on the accumulated damage test
results varying both mean strain and cyslic strain.

An exponential relationship exists between strain and cyclic life.
The exponent expressing this dependency was approximately 9.2

for elastic strain and 3.2 for plastic strain.

. Notching does not significantly alter the linear damage theory.

The associated strain life power coefficients are reduced to 7.8
for elastic strain and 3.1 for plastic strain.
Limited testing of the cast aluminum alloy C3556-T61 indicated

that its behavior is similar to that of the tested steel.

The support of this study by U.S. Army Research Office-Durham is grate-

fully acknowledged.
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